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Superposition of Effects in Calculating the Deterioration
of Tubular Structures and in Non-newtonian Fluid Flow
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The paper outlines the superposition of effects by resorting to the principle of critical energy in both tubular
structures as well as in non-Newtonian fluid flow. A relation is proposed for the calculation of critical stress
in a cracked specimen, by considering the concept of  deterioration; - one determines the amount of
deterioration caused to tubular specimens under static loading, depending on the crack geometry and
position; - relationships have been proposed for calculating deterioration by considering the crack depth and
length. Considerations refer to specimens under one single load (axial force or bending moment) as well as
specimens under two simultaneous loads (axial force and bending moment). We put forth a relation for the
superposition of the Couette flow effects and the Poiseuille pressure flow effects of a non-Newtonian fluid.
The theoretical results have been accounted for by experimental data.
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Fig. 2. Cylindrical shell (R2 / R1 ≤1.2), under internal pressure p(a)
or bending moment Mb(b) or axial force F(c)

Fig. 1. Cylindrical shell
with crack depth a
and crack length 2c

The superposition of effects when a solid or fluid body
with nonlinear behaviour is under load can be currently
solved by using the principle of critical energy [1 ÷ 3]. This
principle has been used to solve many engineering
problems involving the superposition of effects [3 ÷ 10].

Further down, one has applied the principle of critical
energy to solving two issues that involve the superposition
of effects; the former refers to solid bodies and the latter to
fluid bodies. Relationships have been established for
calculating deterioration to tubular structures under two
simultaneous different loads and a proposal is made for
the calculation of the pressure gradient in the case of the
superposition of the Couette driving flow and the Poiseuille
pressure flow.

Total effect of load superposition
From a physical point of view,  the simultaneous loadings

Yi (where i = 1,2,3...n) of a mechanical structure
determines a total effect X.Generally speaking, the
calculation of this effect  -  is done by superimposing the
effects of individual loads Yi. The method of superposing
the effects  depends on the behaviour of the mechanical
structure material.

For a linear-elastic behaviour of the form

Y
i
=C . X

i
(1)

the total effect is equal to the algebraical sum of the
individual effects,

(2)

With nonlinear power law behaviour,
(3)

where C and k are constants of the material, the total effect
is different from the sum of partial effects [4],

(4)

In this case, the superposition of effects is done by using
the principle of critical energy [1-3].

Effective stresses, critical stresses and the
deterioration of cylindrical shells under one single
load

Loads Y
i
 cause stresses σi  in the crackless shell, whose

critical stress, corresponding to a load of the Y
i 
type is σi,cr.

The presence of cracks can be attributed to the effective
stress, which in this case is written σi(a;c)or the critical
stress which is written σi,cr(a;c) where a is the depth of the
crack, and 2c is the crack length (fig. 1). When analysing
the shell strength one compares,

-either σi(a;c) to σi,cr, on condition  σi(a;c)<σi,cr;
-either σi to σi,cr(a;c),  on condition σi ≤ σi,cr(a,c).
Our further step was to compare the effective stress σi

(calculated for the crackless shell) to the critical stress of
the cracked shell, σi,cr(a;c)
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Fig. 3. Diagram of the behaviour of
an elastic – ideally plastic material

(Prandtl hypothesis)
with σ - σy for strains ε  > εy

Effective stresses in cylindrical crackless shells under
one single static load

One examines the cylindrical shell individually loaded
with Yi = p (internal pressure), F (axial force) or Mb (bending
moment) in case the shell material features a linear - elastic
behaviour.

In the field of linear-elastic behaviour (σ ≤σy where σy is
the yield stress), the shell stresses are proportional to the
loads. For example, in a cylindrical shell under load:

- under the internal pressure (fig. 2, a), the stresses
feature the following expressions[11]:

where R=0.5(R1 + R2) = R1 + 0.5s  is the mean surface
ray;

-with axial force F (fig. 2, c)

  meridional stress       (6)

-with bending moment Mb (fig.2, b),

 meridional stress.       (7)

When under one single load, relations (5) - (7) for
effective stresses may be written as:

      (8)

where Cp, CF and CM are constants dependent on the shell
geometry.

If stresses become equal to the critical stresses, then
relations (8) become,

  (9)

where pcr, Fcr and Mb,cr are the critical values corresponding
to crack absence.

By dividing each of the above relations, one obtains:

which means that the stress ratios may be replaced by
load ratios or viceversa.

Let us consider the general case of the nonlinear
behavior of the shell material

σ = Mσ . εk,
where σ is the normal stress, ε - strain, Mσ and k - constants
of the material.

Critical loads and stresses in cylindrical cracked shells
under one single static load

We note the critical loads in the cracked shells pcr(a;c);
Fcr(a;c) and Mb,cr(a;c)

On the basis of the critical energy principle, the following
relations have been established for the critical loads [6, 9]
of mechanical structures with cracks:

(12)

where α=1/k, while D(a;c) is the deterioration caused by
a crack with depth a and length 2c.

Pcr(0) is the baseline value of critical participation (t=0)
Due to the stochastic distribution of the mechanical
characteristics of the structure material Pcr(0) takes values
between  Pcr,min(0) > 0 and Pcr,max(0) ≤ (0) 1, which is
found when referring to the experimental data. If one uses
the deterministic values of the mechanical characteristics
(i.e corresponding to a certain probability of fracture), as
done in design, Pcr(0)=1.

For deterioration resulting from cracks one proposed the
relation [6; 8],

(13)
where

(14)

where acr  is the critical depth of the crack and 2ccr – the
critical length of the crack. Deterioration  D(a;c) ∈[0;1].

Most of the results obtained in the literature for the critical
loading of cylindrical shells actually refer to loads before
the yield limit. For this reason, the critical loads in these
cases have been called yield loads and written pL, NL and
Mb,L. The materials considered in the above mentioned
works were elastic-ideally plastic materials (fig. 3), in
accordance with Prandtl’s hypothesis.

On the basis of relations (11) and (12) we obtain the
following general expression of critical stress for cracked
mechanical structures

(15)

where one considered Pcr(0) = 1 and deterministic values
for critical stresses The critical stress σcr refers to the
structure / shell / specimen without cracks.

Crack deterioration caused to a mechanical structure
by one single static load

Deterioration occurring under one single load may be
calculated by using relations (12) depending on load type,

where the critical load values for the crackless structure
and cracked structure respectively were determined
experimentally.

(16)

(11)

(10)

(5)
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Table 1
TOTAL DETERIORATION  D(A;C) OF TUBULAR

SPECIMENS WITH RECTANGULAR
CIRCUMFERENTIAL CRACKS UNDER AXIAL

FORCE , F, DEPENDING ON
a / s AND θ/ π CALCULATED WITH THE

SECOND RELATIONSHIP (16)

Fig. 4. Section through tube
specimen with rectangular

circumferential crack on the
inner surface

We may also use equation (15) written for each type of
load, as follows,

(17)

where the indices refer to the critical stresses
corresponding to loading with pressure (p), axial force (F)
or bending moment (b).

Based on interpreting the literature data via the
deterioration relationship (13), one obtained D(a) ∈ [0,1]
while D(c) ≤ 0.5 [8;12].

Under the static tensile load with force F of tubular steel
specimens (fig. 4) with circumferential cracks and
rectangular section , one obtained the total deterioration
D(a,c) listed in table 1.

Deterioration were calculated with the second relation
(16). One should note that the total deterioration increases
with reported depths (a/s) increase and with crack
lengthening represented by the ratio θ / π.

Deterioration caused in a structure under two
simultaneous different loads
Superposition of loads effects

In general, the critical stress depends on the type of
load (tensile, compression, bending, torsion, shear ...). For
this reason, it may be said that loading with two or more
different types of loads represents a complex or a mixed
load. Such a load was analyzed and solved for the general
case in works [2 -4] on the basis of the principle of critical
energy.

When under two simultaneous loads S1 and S2,for
structures without residual stress, the critical state is
reached when there is fulfilled the condition [3, 4],

   (18)

wherefrom, the total deterioration caused by the crack
becomes,

   (19)

In case the mechanical characteristics are deterministic
variables Pcr(0) = 1 For structures made from linear elastic
materials  (k=1), S1,cr = S1L, S2,cr=S2L, while α = 1 / k = 1,
and consequently, deterioration has the following general
expression,

        (20)

where S1L(a,c) and S2L(a,c) are the yield stresses of the
cracked tubular specimen.

Deterioration of cylindrical shells
The deterioration caused by a crack in the case of the

simultaneous action of two loads on the cylindrical shell
made from material with linear-elastic behaviour, out of
the general relation (20) one obtains the following relations:
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Table 2
DETERIORATION D(a;c) OF  TUBULAR
SPECIMENS WITH CIRCUMFERENTIAL

CRACK ON THE INNER SURFACE

Fig. 5. a – Load group comprising axial tensile force, F, and
bending moment  Mb; b – tube specimen section with

circumferential semielliptical crack on the inner surface.

- for S1 = p and S2 = Mb

   (21)

- for S1 = p and S2 = F (tensile),

   (22)

- for S1 =  F and S2 = Mb

  (23)

where  the yield loads of the crackless material (p1L; FL
and Mb,L) and of the cracked one (pL(a;c); FL(a;c) and
Mb,L(a;c)) is determined  experimentally.

Calculation of deterioration caused by two load
loading

One calculates the deterioration caused in a tubular
specimen by two loads (fig. 5 a), based on the results
presented in [13]. One considers a cylindrical tube
specimen with semi-elliptical circumferential crack on the
inner surface (fig. 5, b), based on the relative depth of the
crack, a/s, and the circumferential length  2c=2 . R . θ
expressed as the ratio θ/π

In all the cases presented graphically in [14], the total
participation PT < 1, which means that the critical
participation Pcr(t)< 1 due to deterioration.

The total deterioration calculated with relationship (23),
where D(a;c) is replaced by D(a,θ) as c~θ. The data
reported in [14] refer to two different cracks, characterized
by a/s = 0.1 and θ/π = 0.1 as well as  a/s = 0.3 and θ/π =
0.25, respectively. For each case, the critical state of
coordinates FL(a;c) / FL - Mb,L(a;c) / Mb,L  is written in the
first two columns of table 2. On this basis we calculated
the total participation corresponding to the critical state,

(24)

then, with relation (23), one obtained the total deterioration
D(a;c) written in table 2.

In the wake of result analysis one has found that for the
same crack parameters (a / s and θ / π)  there is an infinite
number of critical groups, corresponding to all possible
combinations among the terms of the load group.

The pressure gradient in the flow of a non- Newtonian
fluid

The pressure gradient was calculated by superposing
the effects of the Couette driving flow and the Poiseuille
pressure flow. One considered a molten polymeric material
with non-Newtonian power law behavior (Oswald-de
Waele),

(25)

where τ  is the shear stress; γ - shear rate; Kτ and ν -
constants of the fluid.

The melt moves under pressure in a channel with a fixed
wall and another one moving at speed Vz  in the direction
of flow (fig. 6). The final speed profile is obtained through
the superposition of the two speed profiles shown in figure
6a and 6b.

If the pressure acts in the same direction as speed Vz,
then the two speed profiles add up (fig. 6c), whereas if the
pressure acts in the direction opposite to Vz, the two speed
profiles are subtracted from one another (fig. 6d).

Let us write for the maximum flow corresponding to
the superposition of the two actions (Vzand p).

By superposing the effects of the two flows, based on
the principle of critical energy, one obtained the following
relation for the pressure gradient at a given distance z along
the flow path [5;15],

(26)

where VZ,cr  is the critical driving speed , that is, the speed of
the plate movement which alone provides the same flow
rate Gm, and  (dp / dZ)cr  is the critical pressure gradient,
that is that pressure gradient which alone supplies flow
rate Gm .

Factor δp=1 if the pressure increases in the direction of
movement and δp=-1, if the pressure drops in the direction
of movement.

.
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Fig. 6. The velocity profile  with flow between two parallel plates
due to:  a - melt being driven by top plate moving at speed Vz

(Couette flow); b - pressure p in the direction of flow (Poiseuille
flow);  c - pressure acting in the same direction with plate speed;

d - pressure acting in the opposite direction to plate speed
Fig. 7. Evolution of pressure along the screw channel provided
with a compression zone located between the flat zones with

depths  h1 and h2For example, when a polymer melt flows through an
extruder screw channel, the pressure increases in the area
preceeding the maximum pressure section (LPM) and
decreases thereafter (fig. 7). Exponents 1 / ν+ 1, 1 /  ν + 3,
etc. are even numbers [16] so that the large brackets in
equation (26) is always a positive number.

When a molten polyethylene moves through an extruder
screw channel featuring  D = 63.5mm in diameter and
three geometrical zones, one recorded the evolution of
pressure along the screw axis of length  L = 27 . D [17]
whose maximum pressure pM = 27.8 MPa was reached at
distance LPM = 21D = 1333.5 mm. Pressure at  L1 = 5D =
317.5 mm  was p1=0.1 MPa . The experimental pressure
gradient.

By using relation (26) one obtained [15],

where, according to the calculaitons in [15], VZ = 0.26423
m/s, while the mass flow rate Gm = 100.72 kg/h, one
obtained   VZ,cr  =  0.23103 m/s  and (dp/dZ)cr =  54.934
MPa/ m.  One set δp = 1 as the calculation refers to the
zone where the pressure increases, before its maximum
pressure position  LPM (fig. 7).

The difference between the value calculated with
equation (26) obtained on the basis of the critical energy
principle and the resulting experimental value is 3.44%,
which is insignificant for such flows.

Conclusions
One examined the problem of superposition effects

with: - two loads acting simultaneously on a tubular element
with cracks; - the combination of driving flow and pressure
flow of a non-Newtonian fluid. We dealt with the general
case of nonlinear power law behaviour. Relations were
proposed for calculating critical loads (12), and critical
stresses (15) in cylindrical shells under one single static
load, by taking into consideration the deterioration caused
by the crack. Relationships were also proposed for
calculating shell deterioration based on experimental data
((16) and (17)), by considering both crack depth and
length. One highlighted the influence of stochastic
dispersion of the mechanical characteristics of the
experimental results by introducing the concept of critical
participation, Pcr(0), at moment t = 0.

It is against this backdrop that there have been proposed
relations for calculating the deterioration caused by a group
of loads in the case of non-linear material behavior ((21) -
(23)).

The relations obtained were used in calculating
deterioration of cylindrical tube specimens loaded by axial
force and bending moment.

The relations obtained are recommended for the
calculation of critical stresses (such as fracture) and critical
load groups, under static loading of mechanical structures
with cracks by considering the statistic distribution of the
mechanical characteristics of the structure material.

In the second part of the paper one applied the principle
of critical energy to the superposition of the effects of driving
(Couette) flow and pressure (Poiseuille) flow of a Non-
Newtonian fluid. The expression obtained for the pressure
gradient (26) thoroughly matched the experimental data.

References
1.JINESCU V.V., Rev. Chim. (Bucharest), 35, 1984, p. 858
2.JINESCU V.V., Energonica, Ed. Semne, Bucureºti, 1997.
3.JINESCU V.V., Principiul energiei critice ºi aplicaþiile sale, Ed.
Academiei Române, Bucureºti, 2005.
4.JINESCU V.V., Tratat de termomecanicã, vol. 1, Ed. AGIR, Bucureºti,
2011.
5.JINESCU V.V., Rev. Chim. (Bucharest), 55, no. 1, 2004, p. 47
6.IORDÃCHESCU V. I., Cercetãri asupra rezistenþei structurilor
mecanice cu fisuri, cu aplicaþie la echipamentele sub presiune, Tezã
de doctorat, Universitatea Politehnica din Bucureºti, 2013.
7.JINESCU V.V., Int. J. Mech. Sci., 67, 2013, p. 78-88.
8.JINESCU V.V., IORDÃCHESCU V. I., U.P.B. Sci. Bull., Series D, Vol. 76,
Iss. 1, 2014, p. 149.
9.JINESCU V.V., IORDÃCHESCU V. I., TEODORESCU N., Rev. Chim.
(Bucharest), 64, no. 8, 2013, p. 858.
10.JINESCU V.V., Int. J. Deterioration Mechanics, 21, nr. 5, 2012, p. 671-
695.
11.JINESCU V.V., Calculul ºi construcþia utilajului chimic, petrochimic
ºi de rafinãrii, vol. I, Editura Didacticã ºi Pedagogicã, Bucureºti, 1983.
12.JINESCU V.V., IORDÃCHESCU V. I., Cumularea efectelor la solicitarea
la obosealã cu mai multe blocuri de tensiuni, Conferinþa Academiei
de ªtiinþe Tehnice din România, Braºov, 4 - 5 octombrie 2013.
13.KIM N. H., OH C. S., KIM Y. J., KIM S. S., JERNG D. W., BUDDEN P. J.,
Int. J. Press. Vessels and Piping, 88, 2011, p. 403 – 414.
14.KIM Y.J., SHIM D.J., NIKBIN K., KIM Y.J., HWANG S.S., KIM J.S., Int.
J. Press. Vessels and Piping, 80, 2003, p. 527 - 540.
15.JINESCU C.V., Optimizarea omogenizãrii termomecanice la
extrudarea polimerilor, Tezã de doctorat, Universitatea Politehnica
din Bucureºti, 2000.
16.RENERT M., Calculul ºi construcþia utilajului chimic, vol. 2, Ed.
Didacticã ºi Pedagogicã, Bucureºti, 1971.
LEE K. Y., HAN C. D., Polymer Eng. Sc., 30, 1990, p. 6

Manuscript received: 18.12.2014




